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The Barth-Nieto quintic is defined by the equationsN = {
∑5

i=0 xi =
∑5

i=0
1
xi

= 0} in P5. W.
P. Barth and I. Nieto [J. Algebraic Geom.3 (1994), no. 2, 173–222;MR1257320 (95e:14033)]
showed that a double cover ofN andN have Calabi-Yau modelsZ andY , respectively, whereY
is defined overZ.

In this paper, the authors show that both of these Calabi-Yau threefolds are rigid, and then es-
tablish their modularity by determining theL-series explicitly. To this end, replaceZ by another
modelỸ which is defined overZ and which hasH3(Ỹ ) 'H3(Z). Theorem 1:L(H3

et(Y ), s) =
L(H3

et(Ỹ ), s) = L(f, s) wheref is a unique normalized newform of weight4 on the congru-
ence subgroupΓ0(6), f(q) = [η(q)η(q2)η(q3)η(q6)]2. The equalities hold up to Euler factors
corresponding to primes2 and3.

H. A. Verrill [J. Number Theory81 (2000), no. 2, 310–334;MR1752257 (2002j:14026)] con-
structed the rigid Calabi-Yau threefoldVA3 associated to the root latticeA3 and showed that its
L-series coincides with theL-series of the weight4 cusp formf on Γ0(6). Her method was to
make use of the Serre-Faltings criterion.

The Tate conjecture implies that there should be an algebraic correspondence defined overQ
betweenY andVA3 which gives rise to the equivalent2-dimensional Galois representations, and
hence the sameL-series.

In fact, N. Yui [in Arithmetic algebraic geometry (Park City, UT, 1999), 507–569, Amer. Math.
Soc., Providence, RI, 2001MR1860046 (2003d:11093)] raised the question whether there is
connection between the Barth-Nieto quintic and the Verrill rigid Calabi-Yau threefolds.

M.-H. Sait̄o and N. Yui [J. Math. Kyoto Univ.41 (2001), no. 2, 403–419;MR1852991
(2002k:11102)] established the modularity ofV3 by constructing explicitly a birational map de-
fined overQ betweenVA3 and the self-fiber product,W := S1(6)×X1(6) S1(6), of the universal
elliptic curveS1(6) over the modular curveX1(6). From the construction, theL-series ofW is
given by the cusp formf of weight4 onΓ1(6) (which coincides with its projectivizationΓ0(6)).

A smooth projective varietyX defined overQ is called a relative of the Barth-Nieto quintic if
thel-adic Galois representation associated to the newformf in Theorem 1 occurs inH3

et(X). The
rigid Calabi-Yau threefoldsW andVA3 are relatives ofY . The main result of this paper is Theorem
2: There exist birational maps defined overQ betweenVA3 andY , and betweenW andY .

Combining these birational maps, the authors obtain a birational map betweenW andVA3 over
Q, which is different from the one constructed by Saito and Yui.

Reviewed byNoriko Yui
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MA, 1991. Zbl 732.14006MR1085256 (92f:11081)

8. J.-M. Fontaine, B. Mazur, Geometric Galois representations. In:Elliptic Curves, Modular
Forms and Fermat’s Last Theorem, Hong Kong, 1993 (J. Coates, S. T. Yau, eds.), pp. 41–78,
International Press, 1995. Zbl 839.14011MR1363495 (96h:11049)

9. E. Freitag, R. Kiehl,Etale Cohomology and the Weil Conjecture.Ergeb. Math. Grenzgeb. (3)
3, Springer-Verlag, 1988. Zbl 643.14012MR0926276 (89f:14017)

10. V. Gritsenko, K. Hulek, Minimal Siegel modular threefolds.Math. Proc. Cambridge Philos.
Soc.123(1998), 461–485. Zbl 930.11028MR1607981 (99c:14048)

11. V. Gritsenko, K. Hulek, The modular form of the Barth-Nieto quintic.Internat. Math. Res.
Notices17 (1999), 915–937. Zbl 943.11027MR1717645 (2000k:14029)

12. R. Hartshorne,Algebraic Geometry.Graduate Texts in Math. 52, Springer-Verlag, 1977. Zbl
531.14001MR0463157 (57 #3116)

13. K. Hulek, I. Nieto, G. Sankaran, Degenerations of (1, 3) abelian surfaces and Kummer surfaces.
In: Algebraic Geometry: Hirzebruch 70, Proceedings of the algebraic geometry conference in
honor of F. Hirzebruch’s 70th birthday, Stefan Banach International Mathematical Center,
Warszawa, Poland, May 11–16, 1998 (P. Pragacz, M. Szurek, J. Wiśniewski, eds.), pp. 177–
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